We study the critical behaviour of the chira! phase transition of SU(3) lattice QCD with one species of staggered fermions in the strong coupling limit. We find a second-order phase transition which seems to be controlled by an effective action which is in the same universality class as three-dimensional 0(2) spin models. In particular, we find for the exponent b, 0.18 < 1/~<0.25, in good agreement with the three-dimensional 0(2) value, 1/b 0.21.
Introduction
During the last few years the critical behaviour of finite-temperature 5U(N) gauge theories has been studied extensively (for a recent review see ref. [11) . It turned out that indeed these theories are in the same universality class as three-dimensional spin models with global Z(N) symmetry as originally suggested by Svetitsky and Yaffe [21. In particular, results for the critical exponents of the SU(2) theory are in complete agreement with the exponents of the three-dimensional Ising model [31. Compared to these high-precision results the analysis of the critical behaviour of full QCD, i.e in the presence of dynamical quarks, is still exploratory. Pisarski and Wilczek have argued that the chiral phase transition in QCD should be in the same universality class as three-dimensional chiral spin models with global SU(nf) X SU(nf) symmetry [4] . Numerical simulations at intermediate gauge couplings seem to be in accordance with such a picture [5, 6] .
First attempts have been undertaken to study the lattice size dependence of physical quantities [71. A detailed analysis of critical exponents, however, has not been performed and, at least in the case of a continuous chiral transition, it would not profit from a finite-size scaling analysis as the correlation length is bounded due to the presence of finite quark masses. Besides the enormous numerical problems such an analysis has to face, there are at least two fundamental difficulties: (i) In the staggered fermion formulation of QCD the SU(n~)X SU(nf) flavour symmetry is explicitly broken on the lattice and only gets restored in the continuum limit; the lattice action has only a global U(f) x U(f) symmetry, which due to the finite quark masses is explicitly broken to U(f). Only in the continuum limit will the full chiral symmetry be restored with flf = 4f [81. As the number of staggered fermion species f is integer, it is even more complicated to understand in terms of the symmetries of the lattice lagrangian how the continuum symmetry group is approached in cases where the number of species is not a multiple of 4. Of particular importance is the case of two flavours in the continuum limit, where the symmetry group is SU(2) X SU(2) and the critical exponents should be given by the corresponding three-dimensional 0(4) exponents [9] , if the transition is second order.
(ii) At least in the case where the chiral transition is continuous the standard finite-size scaling analysis, performed in pure gauge theories, is not applicable due to the presence of an explicit symmetry breaking field -the quark masses.
In this paper we want to address both of the above-mentioned points. We will study the chiral phase transition in strong coupling QCD (/3 = 0) for one species of staggered fermions (f = 1). We will show that the transition is second order in this case, which is in accordance with results from mean-field calculations [10, 11] . However, it is strikingly different from the first-order transition found in fourflavour QCD (nf = 4) at larger values of /3 [5] .
We will discuss the general strategy of determining critical exponents from lattice simulations in the presence of a symmetry breaking field (finite quark masses m) in the lagrangian. We concentrate on the determination of the exponent~, which controls the mass dependence of the order parameter at the critical point. We show that the ratio mx/Kc1n~i)(x denoting the susceptibility) gives a direct estimate of the zero-mass critical coupling from measurements at finite quark masses and its value at this coupling is equal to the critical exponent 1/s. This ratio is a scaling function with properties similar to that of the familiar Binder cumulant for the order parameter used in finite-size scaling analysis of temperature-driven phase transitions [12] . We study this scaling function in mean-field as well as in a Monte Carlo simulation of the strong coupling theory. The latter shows that the critical behaviour is controlled by an effective theory which is in the same universality class as the three-dimensional 0(2) spin model, as one would expect, if this transition is controlled by the restoration of the chiral U(1) x U(1) symmetry of the lattice lagrangian. This paper is organized as follows. In sect. 2 we outline the formulation of finite-temperature QCD in the strong coupling limit and discuss some new features of the monomer-dimer-polymer (MDP) algorithm used in our simulations [13, 14] . In sect. 3 we discuss the general framework for the determination of critical exponents in the presence of finite quark masses and introduce some observables, which are particularly suited for lattice simulations of QCD. Sect. 4 contains a discussion of mean-field results for various observables defined in sect. 2 and the resulting critical exponents. Numerical results for strong coupling QCD are discussed in sect. 5. Finally we give our conclusions in sect. 6 where we will also discuss the relevance of the present analysis for future studies of the critical behaviour of two-flavour QCD.
Strong coupling QCD at finite temperature
In the strong coupling limit the QCD partition function is given by
Here y denotes an additional coupling in the staggered fermion action, which in the continuum limit is related to the introduction of an anisotropy in the spatial and temporal lattice spacings [151. The lattice action for staggered fermions with anisotropic couplings is then given by S=~ (2) n ,m with 3 Qnm"~Dnm;~+yDnm.o+mônm,
Dnm;~=~([~.~n,m_4
At zero temperature chiral symmetry is broken in strong coupling QCD for any value of y. A non-zero temperature is introduced through the finite extent of the lattice in the temporal direction (N~<<Nff). For fixed NT there exists a chiral symmetry restoring phase transition at some value y(NT), with y(N~)-*~for N~-p o~•We can vary the temperature of the system by varying the coupling y on lattices with fixed NT. This is in complete analogy to the approach used at non-zero gauge coupling /3. However, unlike in the weak coupling limit, /3 -w here the anisotropy parameter can directly be related to the temporal and spatial lattice spacings (a1 and aff) [161 and thus allows one to establish a connection between y and the temperature of the system, T= l/N1a1, such a relation does not exist in the strong coupling limit. Also the generic choice, y = 1, which often is used in Monte Carlo simulations at non-zero gauge coupling /3, is not applicable at /3 = 0 as this would require a too small thermal extent of the lattice (NT < 1) in order to reach temperatures high enough for a phase transition to occur. We thus will analyze the temperature dependence of strong coupling QCD by varying y, keeping the temporal lattice size N 1 fixed. Throughout this paper we will use N1 = 4.
The finite-temperature behaviour of strong coupling QCD has been studied in mean-field theory [10, 11] and also numerically, using the monomer-dimer-polymer (MDP) algorithm [13,14,171.These studies suggest that the finite-temperature chiral phase transition is continuous for /3 = 0. The MDP algorithm is particularly well suited to the analysis of strong coupling QCD as it allows a straightforward calculation of fermionic observables like the order parameter or the susceptibility. In the case of SU(N) gauge groups with N being odd some care has to be taken in the implementation of the MDP algorithm in order to avoid the appearance of negative Boltzmann weights in the MDP partition function. The implementation of the algorithm for the SU(3) gauge group has been described in detail in ref. [14] . The only modification necessary for our simulations on anisotropic lattices is the proper mapping of baryonic loops onto monomer-dimer loops [14] . Some details of this mapping are described in appendix A.
We will concentrate in the following on a discussion of the chiral condensate, i~j>, and the susceptibility x. Both are easily calculated from the distribution of monomers on the lattice,
N,,N1m
Critical exponents of finite-temperature QCD
For vanishing quark masses the action for one species of staggered fermions, given in eqs. (2)- (4) x'=e'0x,~'=e1~.
This symmetry is spontaneously broken to the diagonal subroup: U(1)even x U(l)Odd -* U(1), due to the presence of a non-vanishing quark mass.
The mean-field studies [10,111 as well as the MDP simulation for SU(2) [17] suggest that the chiral phase transition in strong coupling QCD may be second order. In that case the transition will most likely only exist in the limit of vanishing quark mass and thermodynamic functions will not be singular, if the infinite-volume limit is taken at fixed, non-vanishing quark mass. For instance, the critical exponent~, describing the variation of the order parameter with quark mass is defined as
where (8) denotes the reduced coupling and N~denotes the spatial extent of the lattice. The susceptibility, X(t), is given by
Similarly other exponents are obtained by first taking the infinite-volume limit and then the zero quark mass limit.
In the infinite-volume limit response functions like the susceptibility will peak at a certain pseudo-critical coupling, which still depends on the quark mass. In order to discuss the scaling properties of this pseudo-critical coupling as well as the height of the peaks let us start with the generic scaling properties of the singular part of the free energy density of a statistical ensemble in the presence of an external symmetry breaking field (the quark mass),
where b is an arbitrary scale factor, y, and Yh are the thermal and magnetic critical exponents. Choosing the scale factor, b = m 1/Y~~, we can write the free energy density as
From this we easily find the familiar scaling law for the order parameter at the zero-mass critical point, t = 0, eq. (7) 
with scaling functions F and F'. We note that at finite quark mass the susceptibility has a peak at
The critical exponent 8 can thus be extracted from the mass dependence of (~1n4I) and x at t 0 0 as well as on the pseudo-critical point tm defined by eq. (15).
Another useful relation emerges from the ratio
LI(t, m) =m~/(~).
It is obvious from eqs. (13) and (14) that LI(0, m) gives directly 1/8. Furthermore the slope of LI increases with decreasing m,
at Thus the ratio LI shows a behaviour similar to that of the Binder curnulant
usually used to determine the infinite-volume critical point in finite-size scaling studies: The functions LI(t, m) will cross at the m = 0 critical point if plotted as a function of t for various values of m. In the m -' 0 limit we find
Of course, there will be corrections coming from the non-singular part of the free energy. An example for this behaviour is shown in sect. 4 where we discuss the mean-field results for LI and other thermodynamic quantities in the strong coupling limit of QCD. How important are finite-size corrections in the analysis of critical exponents in the presence of finite quark masses? The correlation length, which may diverge at the critical point, stays finite on a finite lattice and/or in the presence of a finite quark mass. Depending on the relative magnitude of these ordering effects one or the other will limit the magnitude of the correlation length at the pseudo-critical point, where the susceptibility has a peak. The height of this peak itself is limited by these effects,
We thus conclude that finite-size effects in the transition region are negligible as long as the quark masses are large enough. From eq. (19) we find as a condition
Using critical exponents for continous transitions in three-dimensional Z(2) or 0(N) models we expect that the exponent b is of order 2. This is also confirmed by the numerical data we are going to present in sect. 5. Some critical exponents for these models are given in table 1 [18] [19] [20] . For Z(2) the value for 8 is calculated using the hyperscaling relation 8 = 1 + y/j3.
Mean-field results
The chiral phase transition in strong coupling QCD has been studied extensively in a large-d expansion [10, 111 . This leads to a local lagrangian for an effective model of the chiral condensate o-, which has mean-field exponents in this approximation. This model describes the data well outside the critical region, however it clearly cannot reproduce the critical exponents of strong coupling QCD as long as one uses only the leading-order large-d results. Here we will pay particular attention to the mass and y dependence of the function LI defined in eq. (16) .
The mean-field free energy is given by where Z,~denotes the single-site partition function for SU(3) [10, 11] , 
Chiral symmetry is broken as long as the coefficient of the linear term is negative. The critical y is obtained by demanding that this coefficient vanishes, (26) 9N~-20
As expected we find that the critical exponent 6 has the mean-field value 6 = 3.
The ratio LI, defined in eq. (16), becomes
We note that with increasing N 1 the contributions from the non-singular part of the free energy gain increasing importance; the quark mass has to be reduced proportional to 1/~in order to keep the influence of these terms small. For N1 = 4 and m = 0.005 we find for instance, that LI still deviates by 5% from its asymptotic value. In fig. 2 we show LI(y, m) as a function of y for various values of m. With decreasing mass m, subsequent curves give, indeed, a rather accurate estimate for y~as well as 1/6. Another useful way of presenting LI, which will be instructive in the analysis of numerical data is shown in fig. 3 . This figure shows LI as a function of m for various couplings y in the vicinity of y0. This shows that the analysis of the behaviour of LI in the limit m -* 0 yields a clear determination of we constructed the corresponding distribution function and determined the integrated autocorrelation time r111~(~i~i) [21] . Typically we gathered S x 106 MDP sweeps through the lattice, which for N,, = 4 and 8 corresponds to at least 2300 r~1 measurements and for N,, = 16 to at least 300 T~~t measurements. We discarded more than 20 Tint measurements for thermalization. Statistical errors for the chiral condensate were calculated using the integrated autocorrelation time [211. The errors for the susceptibility were calculated using the jackknife method dividing the samples into eight blocks [22] .
In fig. 4 we present the chiral condensate as a function of the fermion mass m for various lattice sizes. It vanishes as the mass approaches zero showing the typical finite-size effects. The characteristics of an order parameter are only found by first taking the infinite-volume limit and then extrapolating to zero quark mass. In particular in the critical region, i.e. for y = 2.3-2.4, we observe strong finite-size effects. We note that on the 44 lattice these finite-size effects become negligible for m~0.05, while on the 8~lattice this is the case for m~0.01. Such a shift of the finite-size effects to smaller masses is in accordance with eq. (19) with an exponent b 2. We thus expect finite-size effects to be negligible on our largest lattice in the entire mass range considered by us.
In fig. 5 we show the chiral condensate as a function of the anisotropy parameter y on our largest lattice, (16~x 4), for the different quark masses studied. There is a smooth decrease of (If/I/I) as a function of y in the region y 2.3-2.4 where we expect the phase transition. The function becomes steeper with decreasing quark mass m. For the quark masses used, none of the signals characteristic of a first-order phase transition were seen. The chiral condensate does not show a jump indicating a latent heat and no double peak structure in the distribution of I/Il/I is visible. Hence a first-order phase transition seems to be ruled out.
The susceptibility x ( fig. 6) shows a peak. The position Ym defines a pseudo-critical coupling which approaches the critical coupling Yo in the infinite-volume and zero-mass limit. The height of the maximum increases as the mass decreases, in agreement with the divergent behaviour of x in that limit. As we concentrated in our simulations on the coupling regime close to y~,our statistics in the vicinity of the pseudo-critical couplings y,~is not sufficient to use the peak heights or their location for a precise determination of critical exponents (eqs. (14) and (15) ). The general behaviour, however, is consistent with a second-order phase transition ( fig.  7 ). In the following we will determine the exponent 6 from an analysis of the ratio LI, defined in eq. (16) . This function is easily calculated in MDP simulations. In terms of the monomer distributions it is given by 
The mean-field analysis discussed in sect. 4 suggests that an upper bound on 6 can be obtained from the maximum of LI(y, m) for any y <yo, whereas a lower limit is obtained from a linear extrapolation in m for y > y0. However, while the upper bound is rigorous, we note that the lower limit can only be established for sufficiently large values of y as finite-mass correction to LI(y, 0) are proportional to m~,with y < 1. From the value of LI obtained at y = 2.35, m = 0.01 we extract --~- .
Conclusions
We have presented a first analysis of the critical behaviour of QCD with light quarks in a case where the chiral phase transition is second order. It turned out that the ratio mx/(x~)is particularly well suited for an analysis of the exponent
6.
In strong coupling QCD with one species of staggered fermions the chiral transition turns out to be second order and the critical behaviour seems to be controlled by an 0(2) symmetric three-dimensional spin model. This is in accordance with the general arguments given by Pisarski and Wilczeck and clearly demonstrates the importance of the U(1)x U(1) symmetry of the staggered fermion lagrangian for the chiral phase transition. In the case of one species of staggered fermions the second-order phase transition of the strong coupling theory turns over into a first-order transition once the SU(4) x SU(4) symmetry of the continuum theory is sufficiently well approximated by the lattice theory. In the case of two-flavour QCD the approach to continuum QCD will be more subtle and, at present, it is not clear whether the continuous transition found in Monte Carlo simulations at finite gauge couplings is still controlled by the strong coupling symmetries of the lagrangian or does indeed reflect a second-order transition with SU(2)>< SU(2) 0(4) exponents. A detailed determination of these exponents will be of great interest in the future. (1) is added to the weights w 1 (1) and w2(l) of the two dimer loops representing it in such a way that the total probability is the same, and the resulting loop weight w(1) is non-negative. The algorithm used in our Monte Carlo simulation is based on the size and link weights w(x) and w(x, y) as defined in ref. [15] with a new loop weight w(l)~0 given by eq. (A.7) .
The actual update procedure is based on the observation that any valid MDP configuration can be mapped on a configuration consisting exclusively of monomers. Thus a sufficient step is a change from two neighbouring monomers to a dimer-line or vice versa. However at small values of the fermion mass this results in a large autocorrelation time since the probability of creating a monomer is proportional to the fermion mass. By implementing a plaquette-update scheme which does not involve the creation of monomers we could improve the efficienty of our MPD algorithm. This plaquette-update is characterized by two properties. It has the ability to change between timelike and spacelike dimer lines and it is able to move a monomer by two lattice spacings. The new update scheme is independant of the mass and therefore allows us to sample the phase space more efficiently at small values of the fermion mass m. We find that this update scheme strongly reduces the autocorrelation time of operators depending on the number of monomers.
